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§1.  statement  of  results* 

1^.  Let  D  be  a  simply  connected  domain  in  the  extended  complex 
plane  with  at  least  two  boundary  points,  and  G  a  discrete  group  of 
conformal  self-mappings  z  — ♦-Aiz)  of  D.   If  D  is  the  upper  half- 
plane  U  or  the  unit  disc  A  the  elements  A  €Q  are  Mtiblus  trans- 
formations and  G  is  a  Fuchslan  group  (or  a  Fuchsoid  group  in 
Polncare's  original  terminology  since  we  do  not  assume  G  to  be 
finitely  generated).  While  this  can  be  always  achieved  by  a  con- 
formal  mapping,  there  are  some  advantages  in  considering  the 
seemingly  more  general  case  of  an  arbitrary  D. 

Let 

(1)  q  >  2 

be  a  fixed  Integer,  An  automorphlc  form  of  weight  (-2q)  is  a 
holoraorphlc  solution  of  the  functional  equation 

(2)  (i»(A{z))A'(z)'^  =  <t>(z)   for  z  CD  ,   A6G. 

We  require  in  addition  that 

(3)  (t>(z)  =  0(  Izl"^^)  ,   z  — j-oo    if   00  €D  . 

Let  Xj^(z)|dz|  denote  the  Polncare  metric  in  D.   The  auto- 
morphlc forms  with 

(4)  lie*  Ha  (d,G)  =  ff-^j^(z)^''^\\>{z)\dx^y  <   CO 

"^  '     D/G 

form  the  Banach  space  A  (D,a)  of  integrable  forms.   The  auto- 
morphlc forms  with 
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(5)  IUIIb  (d,g)  '  e8S.aup  X^{zr'^\^{z)\ 

form  the  Banach  space  B  (D,G)  of  bounded  forms.   For  ^^k   (D,G), 
V' t  B  (D,G)  the  Petersson  scalar  product  is  defined  by 

(6)  ^^'^)q,G  =  /f  ^D(z)^"^'^i(z)?riTdxdy  . 

D/G 

In  Cl)  and  (6)  the  integration  is  performed  over  an 
arbitrary  fundamental  region  co  of  G  in  D.   This  means  that  od  c  D 
is  measurable,  mes  Int  (oj)  =  mes  co,  A(z,)  =  Zp  for  z,  ,2^  tint  (oj) 
and  id  ?^  A  fG,  and  D  =  (,'  A(aj). 

If  G  =  [ld>,  we  write  A  (D),  B  (D)  and  i^,^)      instead  of 
A„{D,G)  B^(D,G)  and  (<i.,V)^  r'      Clearly  A^(D,G)  r\  k{Y))   =  lo"^ 
unless  G  is  finite,  while  B  (D,G)  Is  always  a  closed  linear  sub- 
space  of  B  (D). 

2.  If  D  =  U  and  G  has  a  fundamental  region  of  finite  non- 
Euclidean  area, 

(7)  Jy  Ajj(z)^dxdy  <  oo  , 

D/G 

then  A  (D,a)  =  B  {D,G)  is  the  finite  dimensional  space  of  so- 
called  cusp  forms.   In  the  general  case  we  have 

Theorem  1.  The  Petersson  product  establishes  an  anti- 
isomorphism  between  B  (D,G)  and  the  dual  space  to  A  (D,G). 
It  Is  trivial  that,  for  a  fixed  ip^B   {D,Q), 
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is  a  continuous  linear  functional  on  A  (D,G),  of  norm 
IM  II  1  H^IIa  (D  G)*   '^°  prove  Theorem  1  we  will  have  to  show  that 
every  Z   can  be  so  represented  and  that  tj/  =  0   whenever  (^,^)   n  =  0 
for  all  (|)e  A  (D,G). 

3.  Let  ^(s),  zeD,  be  a  holomorphic  function.   We  say  that 
<^n   ril  exists  if 

(8)  (9^  J)(z)  =  r~^(A(z))A'(z)q 

^'^       AeG 

where  the  Polncare  series  to  the  right  converges  absolutely  and 
uniformly  on  compact  subsets  of  D.   In  this  case  ■^)  „^   is  an 
automorphic  form  of  weight  (-2q).   It  is  known  that  if  (7)  holds, 
every  cusp  form  is  a  Polncare  series.   In  the  general  case  we  have 

Theorem  2.  {'*'      „   is  a  continuous  mapping  of  A  (D)  onto 
Aq(D,G). 

Thus,  for  ^€A  (D),  '>^  ^  exists  and  every  ^t  A  (D,G)  is  of 
this  form.   If  ^eB  (D),  however,  the  series  in  (8)  may  diverge. 
It  will  certainly  do  so  if  G  is  infinite  and  Js  B  (D,G).   Never- 
theless  we  have 

Theorem  J>.      Every  ^eB^(D,G)  is  of  the  form  ^  =  'j<)      „t, 
q      ^  q,w-^ 

t  e  B^ ( D ) .  .... 

i   q  —    ^  .   , 

Theorems  2  and  3  supercede  the  results  of  [2].   For  the  sake 
of  completeness  we  shall  repeat  some  arguments  from  that  paper. 

4_.  Assume  now  that  D  =  U  (the  upper  half-plane).   Following 
Eichler  [5]  we  assign  to  every  automorphic  form  (j)  of  weight  (-2q) 
an  element  of  the  1-dimensional  cohomology  group  of  G  with 
coefficients  in  the  additive  group  of  polynomials  in  one  variable 
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of  degree  at  most  2q-2,  the  Elchler  class  of  ^    (cf.  20  below). 
It  is  known  that  under  hypothesis  (7)  a  cusp  form  is  uniquely 
determined  by  its  Eichler  class. 

Theorem  4.   !_£  D  =  U,  G  is  of  the  first  kind,  and  the 
Eichler  class  of  (f)  e  B  ( U , G )  vanishes,  then  (i)  =  0 . 

We  recall  that  G  is  said  to  be  of  the  first  or  second  kind 
according  to  whether  the  whole  real  axis  is  or  is  not  contained 
in  the  closure  A(G)  of  the  set  of  fixed  points  of  elements  of  G. 
If  G  is  of  the  second  kind,  ACG)  is  either  a  perfect  nowhere 
dense  set  or  contains  less  than  three  points.   In  the  latter  case 
0  is  called  elementary. 

Theorem  5«   Let  D  =  U  and  let  G  be  a  non-elementary  group  of 
the  second  kind.   The  Eichler  class  of  (b  e  B  (U,G)  vanishes  if  and 
only  if  ^   is  orthogonal  to  all  forms  (v)  ^,    where  ^  e  A  ( U )  is  a 
rational  function  with  poles  in  A(G). 

If  G  is  of  the  second  kind,  we  denote  by  A^(U,G)  the  set  of 
those  (j)€Ap(U,G)  which  are  continuous  and  real  on  the  real  axis 
off  A(G). 

Theorem  6.   Let  G  be  as  in  Theorem  5«   The  Eichler  class  of 
(J)  e  B2(U,Q)  vanishes  if  and  only  if  ^   is  orthogonal  to  k^{\J,G) . 

In  Theorems  5  and  6  orthogonality  is  meant  in  the  sense  of 
the  Petersson  product.  Theorem  4  and  suitably  modified  forms  of 
Theorems  5  and  6  hold  also  for  D  =  A  (the  unit  disc). 

5.  Let  D^  denote  the  set  D  from  which  the  fixed  points  of 
elements  of  G  distinct  from  the  identity  have  been  removed.   The 
set  D/G  has  a  canonical  conformal  structure  defined  by  the 
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requirement  that  the  projection  D  — ►  D/Q  be  a  holomorphic  mapping. 
Thus  D/Q  and  D„/G  c:  D/G  are  Riemann  surfaces.   Let  tt,  denote  the 
fundamental  group. 

Theorem  J.      G  is  finitely  generated  if  and  only  If  7r,(D_/Q) 
is. 

The  statement  is  trivial  if  G  is  a  fixed  point  free  in  D, 
(for  then  D  =  D,,  and  since  D  is  simply  connected  G  is  isomorphic 
to  IT,  (D/Q)),   It  is  "well  known"  in  all  cases.   But  a  direct  proof 
has  the  advantage  of  enabling  one  to  base  the  theory  of  finitely 
generated  Fuchslan  groups  on  uniformization  theory  to  which  an 
easy  access  via  quasi-conformal  mappings  is  now  available  (cf. 
[2]).  Recently  Ahlfors  [l]  extended  Theorem  7  to  Kleinian  groups. 
Our  proof  of  Theorem  7  is  based  on  Theorems  4  and  6.   We  remark 
that  while  the  proof  of  Theorem  4  is  almost  trivial  the  reduction 
of  Theorem  6  to  Theorem  5  depends  on  a  device  employed  by  Ahlfors. 

§2.  Preliminaries. 

6,     Let  f(z)  be  a  conformal  mapping  of  D.   The  Poincare 
metric  has  the  property  that 

(9)        >^j^(z)|dz|  is  a  conformal  invariant. 

'r    ! :    ■/  "  \ 

This  means  that  X^,  j^j  (  f  (  z) )  |  f '  (  z  )  |  =  Xp(z). 

For  every  AgG  set  A  =  f  «» A  »  f  ,  These  A's  form  a  discrete 
group  G  of  conformal  self -mappings  of  f(D),  For  every  function 
<|)(C),  Ctf(D),  set  (f*(l))(z)  =  (|)(f(z))f '(z)^.   Noting  condition  (3) 

A 

we  verify  that  f*  is  an  isometric  linear  mapping  of  A  (f(D),G) 
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onto  A  {D,Q)   and  of  B  (f(D),G)  onto  B  {D,G)  which  preserves  the 

^  T.  ^ 

Petersson  product: 

q,G        "^'^ 
One  also  verifies  that 


^.a'l   =  '•*^q/GJ 


where  the  existence  of  one  side  implies  that  of  the  other.   Hence 
it  suffices  to  prove  Theorems  1-3  for  some  fixed  domain  D. 
7.  We  have  that 

(10)  A  (D)  CB AD)    , 

this  injection  being  a  continuous  mapping. 

It  suffices  to  prove  this  for  D  =  U  (cf.  _6)  and  since 

(11)  ^y(z)  =  |z-¥r^ 

the  assertion  follows  by  a  standard  estimate: 


<i>(z)I  <  -\     ff      U(0|d^dii 


<  ^ 
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so   that    llillg   (u)  1  s'^J^'V^llcj)!!^    (Uj. 

q  q 

8 .   The  Bergman  kernel  function  kj.(z,C,) ,    z€D,  C^D  may  be 
defined  by  the  requirements 

(12)  ky(z,C)  =  -l/7r(z-C)^  , 
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(13)       kj^(z,C)dzdC  is  a  conformal  invariant. 


which  means  that  k^^^^j  (  f  (  z  )  ,f  (  C  )  )f  '  (  z  )f  '  (  O  =  kj^(z,C)  for  every 
conformal  mapping  f  of  D.   The  kernel  kj^(z,0  is  a  holomorphic 
function  of  z  and  C  and 


(14)      kp(C,z)  =  kj^(z,C)  ,   7rkjj(z,z)  =  Ajj(z)^  . 
Also, 

(15)  ff  ^j^io^'^^lk^iz,  a  \'^d(i<m  =  CqXj^(z)'^ 


where  C  is  a  constant.   In  view  of  (9)  and  (12)  it  suffices  to 
verify  this  for  D  =  U  in  which  case  (15)  follows  from  the  identity 

o  +00  +00  o 

rr    y^^-^d^dn     _  r       d^_     p     T^q-^dri 
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for  y  >  0. 

From  now  on  we  omit  the  subscript  D.   The  following  re- 
producing formula  holds  (as  it  does  also  in  bounded  homogeneous 
domains  in  several  variables,  cf.  Selberg  [6]): 

(16)  <|,(z)  =  Cq  ff  Mt:)^-^\{z,a%{Od^dr) 


for  ^  €  B  (D),  where 

(16')  .    c^  =  (2q-l)7r'^-^  . 


It  suffices  to  verify  this  for  D  =  A.   Since 


^vr:.i  ^T--;v..^    .r,ar.no'Tncv  b  a.!:  1^;  :b(  !i  ^.^  ) -,>;  (-t  O 
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(17)      k^(z,a  =  lAd-zc)^  ,     A^(z)  =  (1-  \z\^r^ 

and 

(2q  -  1)    /  /   '-^ — '- -^ — 2_J.  =  -n^   ^     m=0,l,... 

the  assertion  follows. 

£.   Let  L, (D)  and  L   (D)  denote  the  usual  complex  Banach 
spaces  of  (equivalence  classes  of  )  integrable  and  bounded 
measurable  functions  in  D.  For  p,tL,(D)  set 

(18)       (aqH)(z)  =  Cq  jIJ' A(0"^k(z,a^(adedTi  , 


and  for  v  <£  L^  (D)  set 

(19)       OqV)(z)  =  Cq  ^A(C)^*'^k(z,a'^v(C)d^dn 


By  (15)  the  mappings  a  and  6  are  continuous  linear  mappings  of 
L, (D)  and  L  (D)  into  A  (D)  and  B  (D),  respectively.   These 
mappings  are  onto,  since 

(20)  aq(A^~^(i>)  =  (|)   for   <t)tAq(D)  , 


I  •  'L 


(21)  ^'  ..  6   (^-^  ^))   =  (|)       for       <|)eB   (D)    , 
by   (10)   and   (l6).      Also 

(22)  {a^^,^)      =  JJ  [i(z)-K(z)"^i/(z)axdy       for       ^€B(D)    , 

D 
and 
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(23)   {^,&v)^  =  JJ   Mz)^'%{z)v{z)dxdy       for   -i)  e  a^CD)  . 

D 

The  proof  Involves  merely  substitution  into  the  definition  (6)  for 
G  =  tid),  a  change  of  order  of  integration,  and  an  application 
of  (16). 

10.   Let  ^  be  a  continuous  linear  functional  on  A  (D).   By 
the  theorems  of  Hahn-Banach  and  F.  Riesz  there  is  a  v  £L  (D)  such 


that 


H^)   =:  ff  •h^{z)^-%{z)v{z)axdy   . 


D 

Hence,  by  (23)  we  have  that  Z{^)   =   {^,Tp)     where  ^  =  P  v.   Next, 
let  Tp^B   (D)  be  such  that  i^tf)      =  0  for  all  (|)eA  (D).   Noting 
(22)  we  conclude  that 

JJ  -K{z)'^ilj{z)[iiz)dxdY   =  0 
D 

for  all  \xCLAD),     Hence  ^  5  0.   Thus  we  have  proved  Theorem  1  for 
the  case  G  =  { id] . 

§3.  Poincare  series  and  duality.         -.  .  -  -  1 

11.   We  prove  now  that  ®      =   G)      n   is  a  continuous  mapping 
—  q    -^q*u  

of  A  (D)  into  A  (D,G). 

Let  (^CA  (D)  and  let  cx>  denote  a  fundamental  region  of  G 
in  D.   Then 
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o 


:iB!i^ 


.    ^ii;c::T-}v;^:)i.^-^^(,^i.A    \\ 


(^i^)': 


ly.  aM      .•/   Q  •-•?  '•^v'   ^Tisriw 


,s.s".'p/ 


JS' 


J.-' 


0   ^   vbxfc(.:J4!('siy'"("-}^^    «\ 


-  0  9SS0  9fl;t 


Jb: 


(C. 


0    to   neigiS'iC    !''"':1(r»m£:.  ..■.  ■         '^rt-or;''h  a-   ••«.• 


.-  ::"'^   ;t-J 


:.->iii      .'^o.  nx 
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dxdy 


«  AtG 


A<^     CO 


=  ri     /7A(A(z))^-^||(A(z)||A'(z)|^dxdy 

=  IZ        /rA{2)2-q|J(z)|dxdy  =  IIJIL    ,^.    . 

This  Implies  the  absolute  and  uniform  convergence  of  the  series 
(8)  in  every  compact  subset  of  a  fundamental  region  and  hence  on 
every  compact  subset  of  D,  as  well  as  the  inequality 

II  SqlllA    (D,G)   ^  HSIa    (D)    ' 

(Here  we  used  two  v/ell  known  facts:  L,  convergence  of  holomorphic 
functions  implies  normal  convergence.   If  D  C  c:  D  there  is  an 
(^    C  cr.  ^  and  a  finite  sequence  [a,,,,.,A  I  c"  G  such  that 
D^e  A^(aj^)  \J  .,.   u  A^{a)^).  ) 

12.   Let  £  be  a  continuous  linear  functional  on  A  (D,G). 
Let  oj  be  a  fundamental  region.   Then,  by  Hahn-Banach  and  F.  Riesz, 


'2'»>  ^1*1  -j]   X(z)2-5^(z)v(z)dxdy 

CO  t  ..  ;, 

With  a  bounded  measurable  v(z).  We  extend  v  over  the  whole  of  D 
by  the  relation   '  t 


q/2  _ 


(25)  v(A(z))(A'(z)/A'(z))^^   =   v(z)        for       A£Q 

(where    (A'/A')^^^  =    |A ' 1^(A • )"^) .      For  J  eA    (D)    we  have 


}  —  rr-rri    I  v.  < , 


X-jyj-[''UyA({^)h)^\^'-''{^]r:  \\ 


V' 


■^     rTft'  ■- 


1-  ■■'.''* 

P  ■       ;j 

-{■ 

^  :j    •  I    '  ■  •         o 

{  ,  (  ,0i )  , A  V ,'  . , .  : .;    i   ca }  -  /;    ■  >    <"( 


(..)v 
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(26)  -^(^ql)  =  ff  Mz)^-'^{z)v{z)dxdY 

D 

as  follows  from  the  idently 

fj  Mz)^'"^   ZZ  J(A(z))A'(2)'lv(z)dxdy 


CO 


=  \ 

4 


JJ  ■h{z)^-'^f{z)v(z)dx<iy 


Using  this  we  shall  show  that 

(27)  i((5^  i)  =  0   for  all  J^AjD) 
implies  that 

(28)  i((t))  =  0   for  all   ^^A    (D,G)    , 
which  means  that 

(29)  '^  A  (D)  is  dense  in  A  (D,G)  . 

During  this  proof  we  assume  that  D  =  A  (the  unit  disc)  and  0  is 
not  a  fixed  point  of  any  element  of  G  distinct  from  the  identity. 
This  assumption  involves  no  loss  of  generality. 

13.   For  V  satisfying  (25)  for  D  =  A  and  such  that  the 
corresponding  functional  !>   vanishes  on  '<  „A  (A)  set 

(30)  h(z)  =  -i    JJ  (i-lc|^)_^-^v(ad^d, 

and,  for  some  fixed  Q,   0  <  6  <  2it, 


cC) 


V  .■;>:' .'•;>^x    Ba.j    ^-o-;';   gw;i,ij;;'A    a£ 


'■  a. , 


.'^;na    o>? 


iii-^    -niinO 


/ .-  ^ 


:~  ^         "    ~      'Ti  ■"  r    -. 


^  ■'; 


fO.^^.A 


Ili;    'I^ 


(V*^/ 


^iid^  .ih.cf.qjTi.t 


i  /  ' 


(]>,) 


1   p 


'>;'Trr   s;j;>o,':   fio/Tfw 


."^iiilB-'Is.  >viovriJ:   nol^qiTtuKS-ii    ■.■.'7 


;  '; 


•%»*■» 

'■C.5 


ssfos  'r. 


(31)   K{z)  =  - 


(l-ze-i^)^-2 


TT 


rr    (1-  Ki^)'^-^(c)d?dTi 


For  a  fixed  z  such  that  |z|  >-  1  the  functions 
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n(C)  =  -  i 


kz^'     ^^^)  = 


1 1   

^  (l-Ce-^*')^-'^(C-z) 


belong  to  A  (A),  and  by  (26) 


O 


,-ie.q-2,,-;^ 


h(z)  =  Zi'^'n)    ,  h(z)  =  (l-ze--'^)^-^i(  "^  O)  , 


so  that  by  ( 27 ) 


(32) 


h(z)  =  h(z)  =  0   for   |z|  >  1  . 


From  well  known  properites  of  logarithmic  potentials  we  conclude 
that  h  and  h  are  continuous  everywhere  and  that,  in  view  of  the 
second  equation  (32), 


(33) 


I  ^^4  (1  .Ce-^^)^-^(C-z) 


(1-  ICl^)^"^v(C)d^dTi 


<  c  ( 1  -  I  z  I  )  log 


1  -  z 


for  |z|  <  1,  where  c  does  not  depend  on  0,     Also 


(34) 


^  =  ^  =  (1.  lz|2)q-2v(z)   for 
Sz   hz 


z   <  1 


(in  the  sense  of  weak  derivatives).   By  (32)  and  (34)  we  have  that 
h  =  h.   Noting  (33)  and  the  fact  that  0   was  arlbtrary  we  conclude 
that 


(35) 


h(z)  =  0(-(l-  Izl)'^-^  log  (1-  |z|))  ,    |z|  T  1  . 


One  computes  easily  from  (34)  and  (25)  that  for  every  fixed  A^G 
the  function 


fsf 


?ir?'.  t:f;jrw'r   ad^j    I    '•    jsl    o~rit  iloca   s  b^ixl'l   s  lo"? 


vTi-)   'ic.   Ji^ri;.-?   OS 


i^'  :-V;  e   offifU    -jjcl   sri:J    bit:  H      .n  s  i1 


:Un.^ 


'    X    'i  .    H  i  s  j  * 


X"i- 


^J--  A   b^;>..i/t   -c^f^va  -lol  iniii   (^2)   I'/js  f4i^i   mo'H   \,X.l  cO 


13 
h(A(z))A'(z)^"'l  -h(z) 

Is  holomorphlc  in  |z|  <  1.   Since  it  vanishes  on  | z |  =  1  we  have 
that 

(36)  h(A(z))  =  h(z)A'(z)^"^   for  ACQ  . 

Using  these  properties  of  h  we  shall  show  that  i  3  0. 
14.   Let  (0  be  the  closure  in  A  of  the  set 

fz€A||A(z)|  >  |z|    for   id^^AEG^ 

and  let  oo^  be  the  intersection  of  co  with  Izl  <  r  ■*  1.  Then  cd  is  a 
r  '  ' 

fundamental  region.  For  every  r,  0  <  r  <  1,  the  boundary  ai,  of 

tUp  consists  of  a  portion  7  of  the  circle  \z\    =  r  and  of  2n=2n(r) 

circular  arcs  6, ,...,5  ,  5 ',..., 6'  such  that  there  exist  elements 
1      n   1      n 

A, , . . . ,A  of  G  with 
1      n 

(37)  ^J^^j^  "  "^J  *  "^  "  l,...,n  . 

All  this  is  known  and  easy  to  check. 

Now  let  (|)£A  (A,G)  be  given.  By  (24)  and  (34) 

i(i)  =  lim  ^  (1  -  |zl^)^"^v(z)(i>(z)dxdy 
rjl  00^ 

=  lim  //  <i)  —  dxdy  =  4  lim  /  ^  h  dz  .    '- -   '  -r.  ■. 
r  r 

Since  by  ( 34 )  we  have  that 

<i)(A(z))h(A(z))A'(z)  =  i(z)h(z)   for   A€G, 

it  follows  from  (37)  that 


iVijri   rv.'   I   ^    jsl   ;jc>  nvdaxriiov    oX   ouiij.L<5 


:n^:\^ 


t    \j 


^v:/i        •'~^';  ^;; '  A{:;)J-:   -■-    i\^)'\)(\. 


) 


^   %    irid.?  v/or!a   I'sils   v:v%   ;;  la  n?»r-;i-';ot!:.  u-i   ^u^cis  :>r..V-;0 


-f   o. 


'1.C  1 


'^    \\y.A\i^:<  :- 


'1  -  ,* 

•.a    ■ 

•itiw  i'  l;'     .:\    .  ,  »  I  -A 


(•i/fi^i  .^  r:~^   ^.':.-  fofis 


u^  *  .  .  .,.£    =    t. 


P 


ti>xb(s)4>(a)v^"'^( -''js 


(til 


«lit     7 


ViCf    '^OJ'flo 


1.1      -^    .*, 


\  ci  ^j).:,  c:  i^*   ii 


^^^il:^    (  Vv  /  Hjc'i'f   swori^J'.il 


i  .'• 


/(|)hdz  +  /'i»hd2  =  0. 

so  that 

6j         «j 

and  by  (35) 

-2i£((i))  =  lim  /  (j)h  dz 

rtl    ^y 

14 


J  ~  l,.».,n  , 


(38)    l£(i)|  <  const,  lim  inf  (1-  r)  log  -^^     T  |^|  |dz|  . 

rtl  '     y 

'  V 

Since 

/     (l-r2)/|i||dz|drl|U||^    (^^,, 

1/2      r^,  "1 

(38)  implies  that  l{k)   =  0.   Q.E.D. 

13.   For  j^€-A  (D),  V^B  (D,G)  we  have  that 

(39)  (J,V)q  =  ('^ql'^^q.G  ' 
Indeed  this  means  that 

r~   ^  A(  z  )^-^'iJ(  z  )?uTdxdy 
^^^  A(co) 

*  j^  A(z)^-^q?(7irr~?(A(z))A'(z)^dxdy 

which  is  easily  verified. 

16.   Proof  of  Theorem  1.  Assume  that  V' t  B  (D,G)  is  such 

that  (i,V)„  p  =  0  for  all  (i)tA^(D,G),  then  (  ^  I,^)  ^  =  0  for  all 
<4»«  4  Q    q,u 

j£A  (D)  and  by  (39)  also  (J^f)  =  0.  Hence  ^  =  0  by  the  result 
in  10. 

Now  let  i(<i))  be  a  given  linear  functional  on  A  (D,G).  Then 
(of.  12)  there  is  a  veL^(D)  satisfying  (25)  such  that  (24)  holds. 


I      I 


1. 


y.  A.         ; 


''.(  ■ " 

,Ci.ii.>      ..0   =^   (vpNv   V  : .fid"  e 


^{:.>:l>^(i)-aus)A)?  " '  ■'sV^P^-^{v:)/'^J^ 


^e^  '  •■_      V  -,,-..     v  ■  >'  ^  ^  jj^ -^,     •>  »■     f^'^J  r-iVf 


P        - 


Corl    (-  -_.■•)    3iti\i'.U'.  ^:*;'S    {Q  :  ^    p.    -r    r-^-'-i'-t    f5i     ,'^r>] 
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Set  V  =  P  V.   Then  (cf.  9)  ^ t  B  (D)  and  by  (26)  and  (23) 
(40)  -«(0ql)  =  (I>V')q   for   J  e  A^  . 

Now,  for  A  6  G  and  B  =  A" 

^(A(z))A'(z)^  =  Cq  ^A'(z)^>.(0"'^k(z,C)^Wiydedn  . 

D 

Setting  C  =  BC  and  noting  (9)/  (13)  we  obtain 

^(A(z))A'(z)^  =  Cq  ff  AHz)%(i:)^'%{A{z),a'^'^{T)didT] 

D 

=  Cq  ^A(A-B(a)^"'^A'(z)'^k(A(z),AoB(a)''v(A-B(C))d^dTi 
D 


ffMB{0)^'\{z,B{t^))%{B{t:))\B'{a\^didr^   =  V'(z)  • 


D 


Thus  V<^B  (D,G)  and,  by  (39)  and  (40), 


-^(i)  =  ('t',^)q^G 


whenever  ^   6.  0  A  (D),   In  view  of  (29)  the  same  holds  for  all 
<i)6Aq(D,a). 

17.   Proof  of  Theorem  2,     In  view  of  11^  we  must  show  only 
that  0  A  (D)  =  A  (D,G).   Let  X   ^e  the  characteristic  function 
of  a  fundamental  region  co.   Then  X"^   ~^^  ^L      (D)  and  we  may  form 
4>  =   @  a  (/X  "^(i))  which  belongs  to  A  (D,G).   Let  V  be  any 
element  in  B  (D,Q).   By  (39) 


ins    fwS;)   v^  h:iB   {ajH.:,^}}      {g   .J-i)   cti^iiH 


A  J  (f       'iCi        .'.'^t'i^: 


■^   i 


\i 


t .. 


c;    i. 


.ilS    fe5  5  A    »?;;>■!     ,\'!CM 


rbJM';}y^'i5,-h;^'-n)A''(-)*;\  \\    . ->  ::^  ^'(r)' A(t ■  )a)^- 


a-iis^(io  ^w  (r:)   ,{•;>  ^nic^on  i^uf:  ?^  -  .>  :=jff.:.si^?yo 


ii,"4f-  .'  ■^    •  ;.'  . 


v-{:\jT)A]7i'"'-ij)^''\-rj-  \\    j.^  ■■  ''{:.}' hi {-n)-^ 


0. 


JTFTf  -rAlv^  [i>'ri  :  .. ,  U, }  A ) >;^ ■  r:  p  a'"' "^ ( ( ; ; ^-  -  h:r  'A 


isn  -  f^di^h'^iO'ernrkN^K^U/i; 


a04i)    ors   {'^^)   vo    .i.ns   (*\a)^f(vvl?  :ii;jdT 


D,p 


{vv\4?  ^-  i^n 


.i,r         .      ~.r.:    :   ^       ,-,,-;  4       /i"  O  ^ 


;f{e   ^t^r.'m  sw  X- 


9W    pi'iB 


ii    i'.' : 


■'<f.iiR  tt<:J  ■<'   .,'■ 
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2- 


=  ^q 


D  (0 

U)  D 

Hence 

(ill)  ^  =  (>r^,qaq(;^x2-q^)   ^ 

by  Theorem  1. 

l8.   Proof  of  Theorem  3»   Let  X  be  as  in  the  previous 
proof.  We  shall  show  that  if  ^  f.B   {D,G),    then 

(42)  4  =  0qPq(/l>v-^<l>) 

(note  that  X^'^i^L  (D)).  By  (l6) 

^^^    A(ai) 

this  series  being  absolutely  and  normally  convergent.   Setting 
B  =  A"-^  and  using  (2),  (9)  and  (12)  we  obtain 

<Kz)  =5—  c   ^X(B(0)^'^'^k(B(z),B(C))'^<l)(B(C))B'(z)^|BMO|^d^dn 


^^^  %(co) 


=  IZ  c  B'(z)^  /TA(C)^"^^k(B(z),C)'^<i)(C)d^dn 


(0 


which  is  precisely  (42). 


C-hi 


Kir     -i)^^)  - 


O.i."' 


A 


. '  r^ "  '  ^1     ^    ■,    'i   «    ''  * 


CO  Q 


:beC>Y(.Xi;TrM?'(7:T}^i^'-""is^}A    \\    O  )4P'^~'"(  3  '  a    I 


'\P 


P 


i,.-b" 


J-* 


fii:j8;Jcfo  aw   (SI)  Jdhb  (>,,.    .,  -.    .  ..^w  fc^B       A  =  a 


p     y<- 
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§4.  Periods  of  automorphic  forms 

19»   Let  D  =  U  so  that  0  Is  a  group  of  M8blus  transforma- 
tions z  — >-A(z)  =  (az  +  b)/(cz  +  d).   Let  TT2a  2  ^^^^^^^  ^h®  additive 

2q-2    . 
groups  of  polynomials  P(z)  =  )    a  z^^.   The  group  G  operates  from 

the  right  on  TTpn  2  ^-^  *^®  rule 

(43)  (PA)(z)  =  P(A(z))A'(z)^-^  . 

A  mapping  A  — ►  P^  of  G  into  TT2n_2  ^^  called  a  cocycle  of 

(44)  PaB^V^^B' 

a  coboundary  if  there  exists  an  element  Q 6  TTp  o  such  that 

(45)  P^  =  QA  -Q  . 

The  coboundaries  form  a  subgroup  of  the  additive  group  of  cocycles. 
The  factor  group  (cocycles/coboundaries)  is  denoted  by 

H^(G,Tr2q.2)- 

20.  Let  ^   be  an  automorphic  form  of  weight  (-2q)  and  F  a 
holomorphic  function  such  that  "     ' 

"  •■   :  ■   "  .-•'•■  .1 

i   .     ^        1,0- 

dz 

0 ,/'••'!:} 

One  verifies  easily  that  for  every  Af  G  the  (2q-l)-st  derivative 

of 


(47)  F(A(z))A'(z)^-^-F(z) 


>,  .:h 


vanishes,  30  that  this  function  belongs  to  TTo  p*   W®  call  it  the 
Eichler  period  of  F  on  A.   The  mapping 


.•».:vi':io''t   n.idc:-iO!r(o:frsi  Ic  3bc  ■'59^    >§ 


iiiotl   caiBieqo  0   qiw-o-i::, 


1--  : 


:;        .\      ..J  J.         •,    ,        ,1        _.       ,'f       M  ^  T 


i: 


>  --p5 


■    "  „    "i   ~    (s}'^   ilsiiriOii^jjC'-?    r:'   sqwoin 


oL'Ji   -^rfj   'id 


'■^6   -_^   pH    '■^^•'   "1^*5--    -■f^'* 


.    -■-•'(s)  'A((3}AiS[   ^    (r  )(  as;; 


{f^} 


lo    oXd^dOO    i:    N^II^: 


i  i    c  Jni    d   Ic    ,,'<  ---  A  ^riici^Qifr.   A 


n 


\  -^ ;- ,' 


...  ^ 


,  r  •■  Ap 


(••■■; 


\jcf  b3Cfo/-j9£>  s.i.    (di..i'iijI'i5i'ocfor'\s9XoYvJOo)   !?!jo'x:xi  -rodosl   9ffT 

t    !       r\  \  --V  f 

oSrfj   rious  fioi;?onj:/'j:   o idq-ioino Lod 


<  -.  1  -'. 


(  r>^ ) 


.5  *a-(x-pS)   srfj-  0  V  A  Yisvs  'xol  ctfidJ-  Y-Cia^:?)  B9.r;.ci9v    3n0 


(,^)^-^~'-(s)'A({';)A)'? 


OiiS  dl   LlBo  oW      •g^jjgJT  o;}   ssncisd  noicTonjLa.  alri^   :■'.— :.i     -a    ,3eriei.,fitv/ 


Sii  ;.qqiaii  eriT      <A  no  "i  lo  bo>''9Ci  'xslrfoia 
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(48)  A  — ►F(A(z))A'{z)-^"^  -F(z) 

Is  clearly  a  cocycle.   Since  F  is  determined  by  ^  modulo  a  poly- 
nomial of  degree  at  most  2q-2,  the  cohomology  class  of  (48)  depends 
only  on  (j)  and  depends  on  ^   linearly.   We  call  it  the  Eichler  class 

of  (j). 

The  existence  of  an  F  satisfying  (46)  and  the  condition 

(49)  F(A(z))A'(z)-'-"'^  =  F(z)   for  all  A€G 

Is  necessary  and  sufficient  for  the  vanishing  of  the  Eichler  class 
of  \>. 

21.  Let  <i)C-  Bq(U,G).   Then  |<|)(x+iy)|  <  \\^\\^   {\J,G)^'^   ^° 
that  every  F(z)  satisfying  (46)  is  continuous  on  the  real  axis. 
Assume  that  (49)  holds  and  let  xe  1  be  a  fixed  point  of  a  hyper- 
bolic parabola  element  A  of  G.   Then  A(x)  =  x,  A'(x)  /  1  and,  by 
(49),  F(x)  =  0.  Hence  also 

(50)  P(x)  =0   for   xe  A  (G) 

where  A (G)  Is  the  closure  of  the  set  of  fixed  points.   Conversely, 
if  (46)  and  (50)  hold,  then  for  every  fixed  AfeG  the  polynomial 
(47)  vanishes  on  A  (G)  since  A(A(G))  =  A^G)  for  every  A  eG.   If 
G  is  not  elementary,  A (G)  is  infinite  and  we  conclude  that  (49) 
holds. 

22.  Proof  of  Theorem  4.   If  G  is  of  the  first  kind  and  the 
Eichler  class  of  ())6B  (U,G)  is  zero,  then  (|)(z)  =  F^^^"-^^z)  with 
F  =  0  on  1.   Hence  F  s  0,  (})  =  0. 

25.   Let  A  be  a  perfect  set  on  the  real  axis  (in  the  next 
paragraph  we  shall  take  A  =  A^G)  for  a  non-elementary  group  G  of 


(s}=^  -  P--^(rl'M(s;A)'-  i<:n 


08    ''"VrcvT-i    -Ji  i' it    "'    UY--f-x/4!    neurit      ,  (y  JJi   cl  ■;  i   JO'.l      ./; 

(0)  A^  >-       -lol       0   =   (x)^  (He) 

ii      .V  v»v^  lolt   (0)y\  ■  V    (0)  ;\  no  ga-  (T^) 


;  .1         *  il^ 
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the  second  kind).   Let  a,,..., a  be  distinct  points  of  /\  and  set 
(51)  p(z)  =  (z  -a-j^)(z  -  Eg). ..  (z  -a  )  . 

Then  every  rational  function  with  simple  poles  in  A  which  belongs 
to  A  (U)  is  of  the  form 

n      a . 

^52)  n^  (z-xj)p(z) 

where  x,  ,.,.,x  are  distinct  points  of  /\  and  x.  j^   a,  and  the  a 
are  arbitrary  complex  constants.   Indeed,  a  rational  function  with 
no  sinsularities  except  perhaps  for  simple  poles  at  a.,,-., a  , 
x,,...,x  belongs  to  A  (U)  if  and  only  if  it  is  of  the  form 

with 

>7  3,a^  +  YZ   >'H^i  =  0  >      s  =  0,l,...,q-l  . 
^  J  J   j=i  J  J 

The  space  of  such  functions  has  therefore  dimension  n.   On  the 

other  hand  (52)  always  belongs  to  A  (U). 

If  ^(z)€A  (U)  is  a  rational  function  with  poles  in  /\  it  is 

a  limit  of  functions  of  the  form  (52).   Indeed,  if  ^i''««»^m  ^^e 

the  poles  of  ]^  and  Vi>«">v  their  multiplicities  we  have 

0  <  V,  <  q-1  and 
1    J  ~" 

m       -V . 
$(z)  =   r(z)  TT  (Z-4J   ^ 
J=l      -^ 

where  r(z)  is  a  polynomial  of  degree  at  most  v.  +  . . .  +  v  +q-l  with 
r(^.)  ^  0.   Let  e  >  0  be  given.   Since  A  Is  perfect  there  exist 


-I- "  L 

!..■  "  I  '.  ■  J. 


li 


£    -     V-      .5..-^ 
.1.   -  I . 


fX'-  :'■•'.' 


X-p,  J .  -  ^ItO  =*  ?; 


T    . .  . 

bsxis  X  -  a  -"   ^  V  -^  0 

■   --  r.. 


20 


distinct  points  ^  .,  ,  j  =  l,...,m,  k  =  l,...,v  in  /\    with 
1^  .  -^1  <  e.   The  function 


m   v.. 


5(z)  =  r(z)  TT    IT  (z-^iv)"^ 


J=l  k=l     '^^' 

is  of  the  form  (52)  and  one  verifies  that  111  - Jll;^  (U)  will  be 
arbitrarily  small  for  e  sufficiently  small. 


24.   Proof  of  Theorem  5.   Let  A  =  /\(G)  and  let  a^,,..,a 
(z)  be  as  Ir 
(l6)  in  the  form 


and  p(z)  be  as  in  23.  Let  <t)&B  (U,G).   Noting  (11),  (12)  we  write 


Set 

o(z)  =    rr  K -  CI ^q-^ii ;)d€dn  . 

^%     (?-z)p(C) 

This  function  is  holomorphic  in  U  and  continuous  everywhere  except 
perhaps  at  the  points  a..   Next,  set 

Tf{^\   -   (-l)'^p(z)G(z) 
^^^^ ir(^q  -2)i   • 

Then  F(aj)  =  0,  j  =  l,...,q  and  since 

p(z)    .   1 


p(a(C-z)    C  -z  i-  '  -* 

is  a  polynomial  of  degree  q-1  in  z,  we  have  that 

p(2q-l),  .  _  (-l)q(2q..l)  fP     K  -  ?|  ^^'^f(  Qd^dn 

""  J-'  (7_z)^^ 


-,■        •'*  'J 
■f       .,  ■ 

P 


■     •     « 


r    -    I        r.     .     •     ..-r  ^.^^.^ 


::    :    vV     ;;   stw    ,  ■«:  at   L-p  s 


rri:.      '  .  ;  .   ._  .mP' 


'  -J 


{:£)'■  ^"^''--'^ 
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in  U,  80  that  (46)  holds.  By  £1  the  Elchler  class  of  \>  vanishes 
if  and  only  if  F(x)  =  0  for  x€A(G),  x  f^  a..  This  condition  is 
equivalent  to 

G(x)   =  0     on     /\(G)  -  fa^,. . .,a  }    . 
But  for  a  real  x  j^  a. 

ttGUT  =    (-l)'l{2q  -l)(J,<f))^ 


where 


I'^)    =    U-x)p(z)    «  *q""    • 


The  conclusion  of  Theorem  5  now  follows  from  23. 

25»  Let  G  be  again  a  Fuchsian  non-elementary  group  of  the 
second  kind  and  let  O  denote  the  complement  of  A(G)  in  the 
extended  complex  plane.   Then  there  exists  a  Fuchsian  group  H 
without  elliptic  elements  and  a  holomorphic  mapping  C  — »•  g(C)  of 
U  onto  O  such  that  if  C^^^Cg^  U,  then  gCC^^)  =  &{l^2^    ^^   ^"^  ^^■^^  ^^ 
there  is  a  C  e  H^  with  C(C,^)   =  Cg.   Also,  there  is  a  Fuchsian  group 
H  such  that  if  t:^,C,2C\J,    then  MgiC,^))   =  git;,^)   for  some  A  6  G  if 
and  only  if  there  is  a  BeH  with  B{C,^)   =  Cg*   The  mapping  t  of  H 
onto  G  which  sends  B  €H  into  A  €  G  with  goB  =  Aogisa  holo- 
morphlsm;  its  kernel  is  precisely  H  . 

Let  ^  €  k^{\J,G).     This  means  that  ^<cA^{V,G)   and  ^{z)   is 
holomorphic  in  O  and  satisfies  the  relation 


(53)  i(z)  =  J(z)    , 

Let  CO  be  a  fundamental  region  for  G  in  O  chosen  so  that  co  n   U  is 
simply  connected  and  co  is  invariant  under  the  mapping  z  — »■  z". 


r 


/riV     fi     :^     ., —.-^ ..     .:=     iKJcdJ 


"OlOii  £  <-i^  S  o  A  =  a  og  c&ht  €  5  A  od"«l  H?  fi  a&fisa  rfsirivf  D  Ci;Jnc 

3.r   (s')4   i>£iB   (0,U)gA=»4  ^Brf;?  £. .......       .'*>^'J>^A^4  =*»-^ 

ncl^tBls'ts   ef*.t   '■  .-.-45    DiSf?  O  til   r'- 
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Then  there  Is  a  fundamental  region  oo  for  H  in  U  such  that  g(u))  =  co. 
Let  K  c;  H  contain  exactly  one  representative  of  each  coset  of  H 


modulo  H  .   Then 


(S^  =  U  B(i) 


°   B£K 


is  a  fundamental  region  for  H  in  U  and  g(a>Q)  =  O. 
Set  lie,)   =   (})(g(C))g'(C)^.  Then 

ff       |i(C)|d4dTl         =ff       \^(z)\dXdY        =         2U\\^  (y^Qj 

(0  (0 

l>y   (53),   and  for  Be  H  we  have  that 
i{B(C))B'(a^  =  (|)(g(B(C))g'(B{C))^B'(0^ 

=  <i)(A(g(a)A'(g(c))^g'(a^  =  <i){g(a)g'(c)^  =  i(c) 


where  A  is  the  image  of  B  under  the  homomorphism  t  described  above. 
Hence  (j)tAp(U,H)  and  by  Theorem  2  we  have  that  ^  =   ^J^  ^, 
JcA^iU),  or 

(54)        liO   =   r~  t(B(C))B'(C)^ 

=  r~  r~~^(c(B(c))c'(B(c))^B'(c)^  . 

B^K   e'en 

o 

Set  "-'-''' 

i  (c)  =  rzi^(c(o)c'(c)^  . 

o 

Then  T  =  Ql'^  „^€A„(U,H  ).   Hence  there  exists  a  holomorphic 
-^o     2,H^-t   2    o     ^ 

function  f  (z),  z€0  such  that  $  (O  =  1  (g(C))g'(C)  ,  we  have 

o  o       o 

that 


7^ 


,(■)  -■■■    [m]:i   55ffo   'i^^ve  V  n.t   H  t-.-''!  a*  no.^^a^   f  •:.,^'(Si/j)?D/i<;';  4  -ir   ^'fv-;./   q^ 


/4s>fi'r'        J     il    ^J^fj-jOiVi 


fo 


•'■'.' 


's^i-i    ^£i? 


!=#< 


•^  iilc 


-    9"-  ■•    •  s       .-^ 


~.  ■;    ■•■•     i    ■.-w    ^i., 
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JJ   I J  (z)|dxdy  <  00 


O 

A 

Since  this  Integral  equals  |J  |L  (n  H  )' 
Now  (5^)  may  be  written  as 

<{)(g(0)g'(c)^  =  Szl  (B(a)B'(c)^ 

=  r~5  (g(B(C)))g'(B(C))^B'(0^ 

=  ri$  (A{g(a))A'(g(a)^g'(a^ 

Thus  every  (|)  e  A^(U,G)  admits  the  representation 

(55)  i  =0p  rl 

where  "^  Is  holomorphic  In  O  and  absolutely  Integrable  over  this 
domain. 

26.   Proof  of  Theorem  6.   Assume  that  V^Bp(U,G)  is 
orthogonal  to  a|(U,G).   Let  r(z)  be  a  rational  function  vjith  poles 
in  A,(G)   belonging  to  A^iU)  and  (|)  =  0^  ^r.   Since 

/J  |r(z)|dxdy  <  oo 

a  . _        . 

(n  having  the  same  meaning  as  in  25)  the  argument  in  11^  can  be 
repeated  to  show  that  the  Polncare  series  r  .": ; 

r(A(z))A>(z)^  ^ 


converges  absolutely  and  normally  in  O.   This  implies  that 
^(z)  =  (|)^(z)  +l^^{z),    with  ^^,^2  ^  a|(U,G).   Hence  (KV')2  q  =  ^' 
By  Theorem  5  the  Eichler  class  of  Tp   is  zero. 


I  :^^'  ] 
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Assume  next  that  the  Eichler  class  of  ^CBglUjG)  vanishes 
and  let  ^  e  A^iUfG) .      Then  ^   admits  the  representation  (55).   By 
the  approximation  theorem  proved  In  [2]  there  exists  a  sequence  of 
rational  functions  {r.(2))  with  poles  In  A,iG)    such  that 

(56)  JJ  \r.{z)  -f   (z)|dxdy  ->  0  . 

O 

By  Theorem  5  we  have  that  {Q^   G^r^^2  G  ^  ^'  ^^^'^^   (56)  Implies 

that  ||r  -5  11^  (yj  — »-0,  we  have  that  $'2,G^j  — »  <t)  in  A2(U,G),  by 

Theorem  2.   Therefore  (<t),V')2  q  ~  ^* 

85.  Finitely  generated  Fuchsian  groups 

27.  A  Riemann  surface  S  will  be  called  of  finite  type,  more 

precisely  of  type  (g,n,m),  if  it  is  conformally  equivalent  to 

S  -  cr  where  S  is  a  closed  (compact)  surface  of  genus  g  and  cr  a 
o  o 

closed  set  with  n+m  >  0  components  of  which  n  ^  0  are  points  and 
m  >  0  simply  connected  non-degenerate  contlnua.   The  numbers  g,  n, 
m  depend  only  on  S;  we  say  that  S  has  n  punctures  and  m  boundary 
curves. 

If  m  =  0  then  S  (the  natural  compactlf Icatlon  of  S)  Is 

o  — — — 

determined  by  S  except  for  conformal  equivalence.  If  m  >  0  there 
exists  a  Riemann  surface  S^  of  type  (2g+m-l,2n)  (the  double  of  S) 
which  is  determined  by  S  except  for  conformal  equivalence,  m  dis- 
joint simple  closed  analytic  curves  7]^,«"»7^  on  S^  and  an  anti- 
conformal  involution  p  of  S,  which  leaves  a  point  p  € S^  fixed  if 
and  only  if  p  <-.  7  =   7-,  o  . . .  ^'7^>    such  that  S^-y   consists  of  two 
components  one  of  which  is  conformally  equivalent  to  S. 
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The  fundamental  group  tt,  (S)  Is  finitely  generated  If  and 
only  If  S  Is  of  finite  type.   This  Is  a  known  result  In  surface 
topology. 

28.  Let  Dq/G  be  of  finite  type.   Then  G  is  finitely 
generated. 

This  Is  well  known  and  can  be  proved  by  dlsectlng  D„/G  by 
finitely  many  smooth  curves  Into  a  simply  connected  region  such 
that  a  component  of  its  inverse  image  under  the  projection 
Dp  — ».  D_/G  Is  a  fundamental  domain  whose  boundary  consists  of 
finitely  many  "sides". 

29.  Let  S  be  a  Riemann  surface.  An  Abellan  differential 
(of  the  first  kind)  on  S  is  a  rule  associating  with  every  local 
p  — >  t(p)  defined  on  a  domain  G  CT  S  a  holomorphlc  function  <t)(t) 
such  that  <i)(t)dt  is  invariant  under  parameter  changes.  In  this 
case  |<l)(t)|  is  a  density.  If  we  demand  instead  the  invariance 
of  (t)(t)dt  we  obtain  a  quadratic  (holomorphlc)  differential;  now 
|4»(t)|  is  a  density.   The  Abellan  differentials  a  with 


// 

S 


a|^  <  00 


form  a  Hilbert  space  A,(S)  of  square  integrable  differentials. 
The  quadratic  differentials  P  with 

(57)  JJ  IPI  "  00 

S 

form  the  Banach  space  A2(S)  of  integrable  differentials.   VJe  have 
that 

dim  A^(S)  ^   dim  A2(S) 
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because  if  a,,aptA,(S),  then  a-a^eAglS).   If  the  genus  of  S  Is 
infinite,  then  dimA,(S)  =  oo  (cf.  Nevanlinna  [k])   and  hence 
dim  AgiS)  =  00  .   If  the  genus  of  S  is  g  <  oo  ,  then  S  =  S^  -  cT 
where  Y  is  a  closed  set  on  the  closed  surface  S  of  genus  g.   If 
S  contains  N  distinct  points,  then  dim  A2(S)  >  N  since  it  is  knovm 
(say  from  the  Riemann-Roch  theorem)  that  to  every  P  € S^  there  is  a 
meromorphic  quadratic  differential  P  on  S^  whose  only  singularity 
is  a  simple  pole  at  p.   We  conclude  that 

(58)  dim  AglS)  =  00   unless  S  is  of  finite  type  (g,n,0)  . 

30.  The  space  Ap(D,G)  can  be  defined  even  when  G  is  a 
discrete  group  of  conformal  self-mappings  of  a  non-simply 
connected  domain  ( since  X  does  not  enter  in  the  definition  of 
this  space).   Let  D-,  denote  D  with  the  fixed  points  of  elements 
of  G  (distinct  from  the  identity)  removed.   Then  there  is  a 
canonical  isomorphism 

(59)  A2(D,G)  y  A^iD^/G)    . 

Indeed,  A2(D,Q)  may  be  identified  with  the  space  X  of  meromorphic 
quadratic  differentials  P  on  the  Riemann  surface  D/G  for  which 
(57)  holds  and  v/hich  have  no  singularities  except  perhaps  simple 
poles  on  the  set  <T  consisting  of  the  images  of  fixed  points  of  G 
under  the  projection  D  — ►  D/G.   Since  cf  is  discrete  and 
D/G  -or  =  Dq/G,  X  may  be  identified  with  A^iDQ/G). 

31.  Let  G  be  a  Fuchsian  group.   The  elements  of  B  (U,G) 
with  vanishing  Eichler  class  form  a  closed  linear  subspace  B  (U,G). 

!£  G  is  finitely  generated,  dim  B  (U,G)/B°(U,G)  <  00  . 
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Indeed,  assign  to  every  ^  €  B   {'U,G)   a  holomorphic  function 
P(z),  zeU  such  that  F^^^'-'-^z)  =  ^{z)   and  F^^^z)  =  0, 
V  =  0,1, . . .  ,2q-2.   Then  (j)eB°(U,G)  whenever  the  Eichler  periods 
of  F  vanish  on  a  set  of  generators  of  G.   This  amounts  to  finitely 
many  linear  conditions. 

32.   Proof  of  Theorem  7.   V/e  may  assume  that  D  =  U.   We  may 
assume  that  G  is  non-elementary,  the  theorem  being  trivial  for 
elementary  groups.   In  view  of  27,  23_   it  suffices  to  assume  that 
G  is  finitely  generated  and  to  prove  that  U^/G  is  of  finite  type. 

Let  G  be  of  the  first  kind.   Then  B2(U,G)  =  ^O)  by  Theorem 

4,  hence  dim  BgdJjG)  <  oo  by  31,  hence  dim  A2(U,G)  <  oo  by  Theorem 
1,  hence  dim  A^lU^/G)  <  oo  by  (59),  hence  U^/G  is  of  the  finite 
type  (g,n,0)  by  (53). 

Assume  next  that  G  is  of  the  second  kind.   Let  Ap(U,G) 
denote  the  subspace  of  AA\J,G)   consisting  of  elements  of  the  form 
i-]^  +  ifjjg  with  (|>2,<t>2  A'^(U,G).  By  Theorems  1  and  6  the  dual  space 
to  a|(U,G)  is  anti-isomorphic  to  B2(U,G)/B2(U,G) .   Thus 
dim  Ap(U,G)  <   oo  .   Let  O  have  the  same  meaning  as  in  25*   One  sees 
at  once  that  A2(U,G)  may  be  identified  with  Ap(0,G).   Hence 
dim  A2(0_/G)  <   co  by  (59),  and  in  view  of  (58)  the  Rlemann  surface 

5,  =  Oq/G  is  of  finite  type  (g,n,0).   The  mapping  z  — >z   induces 
an  anti-conformal  involution  p  on  S, .   The  set  7  of  fixed  points 
of  p  is  the  image  of  the  intersection  of  0„   with  the  extended  real 
axis  under  the  canonical  mapping  0„   — >  S,  and  one  of  the  two 

u        1 

components  of  3,-7  is  Uq/G.  Hence  U^/G  is  of  finite  type 
(g,n,m)  with  n  >  0. 
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